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In this section we give an overview of Linear Homogeneous
ODE, with constant coeffients. Again, the main point of this
section is that the methods of solving such ODE is strikingly
similar to that of 2"¥-order Homogeneous Linear ODE.
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Definition

Recall the following definition.
Definition A Homogeneous Linear ODE is said to have
constant coefficient looks like

d"y d"ty dy
= an—— n—1—""—""= “ e —_— frd 1
E(y) a din + ap—1 din—1 + + a; dt +ay =0 ( )

with ag, a;,--- ,a, € R and a, # 0.

Satya Mandal, KU Chapter 4: Higher Order ODE §4.2 Linear Homogeneous Ol



Exponential Solutions

The Characteristic equation

As in the case of 2"-order, solutions of (1) would be
exponential functions y = e, for some real or complex
number r; checked as follows.

» Substituting y = e in (1) we get
E(ert) _ ert (anrn + an—lrn_l + ot ar+ 30) =0
» |t follows, y = e is a solution of (1) if and only if

ar"+a, 1"t tar+a=0 (2)
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Exponential Solutions

Continued

» So, solving the ODE (1) reduces to solving the
polynomial equation (2). This Equation (2) is called the
characteristic equation (CE) of (1).

» The polynomial
p(r) i=anr" +a,_1r" '+ 4 ar +ap (3)

is the characteristic polynomial of (1). So, the
characteristic equation can be written as

p(r)=0
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Exponential Solutions

The Roots of the characteristic polynomial

We can write
p(r)=(r—n)a(r—r)e - (r—ry) with k > 1,

ki + -+ ky, = n, where ry, ..., r, € C are distinct (with
some r; € R).
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Exponential Solutions

Solutions of (1): Real Root

If ry is real, then r; spits out the following k; solutions of (1):

y — el’1t
y = te"!

y — t2er1t
y — tk]_—ler]_f

Likewise, for any real root r;.
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Exponential Solutions

Continued

If ri is complex (i.e. r; ¢ R), then its conjugate 7 is also a
root of p(r). Without loss of generality r, = 71. The pair

{ n=>A+pi spits out 2k; solutions of (1):

n=rn=>A—

y = eMtcos it y = eMtsin gyt
y = teMtcos gt y = te’Mtsin gt

y = t?eMtcos ity = t2eMisin gt
y = thileMtcos ity = thi—leMtgin gt
Likewise, for each pair of complex roots r;, 7; of p(r).
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Exponential Solutions

A Fundamental Set and General Solutions

The process explained in the above two frames, give total of n
real solutions (1):

y=xy(t),y =y(t),...,y = ya(t)

Theorem 4.2.1 The list of n solutions above form a
Fundamental Set of Solutions of (1). So, a general solution of

(1) is:

y=acayi+ oy + -+ c¥n where ¢ €R  (4)
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Example 1: With distinct real roots

Example 2: With both real and complex roots
Examples: General Solutions Example 3: With both real and complex roots

Example 4: With two pairs complex roots

Solving Some Examples

Unlike quadratic formula for roots of polynomials p(r) with
deg(p(r)) < 2, there no straight forward formula to find the
roots of polynomials p(r) with deg(p(r)) > 3. With the
objective of providing only flavor, we consider a few simple
problems.
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Example 1: With distinct real roots

Example 2: With both real and complex roots
Examples: General Solutions Example 3: With both real and complex roots

Example 4: With two pairs complex roots

Example 1

Find the general solution of homogeneous ODE

dx3 dx?
» The CE: r* —2r2 —r+2=0.
(r+1)(r—=1)(r—2)=0.So,n=-1,n=1r=2

» By (4) the general solution is

y = cie™ + e + et = et + et + et
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Example 1: With distinct real roots

Example 2: With both real and complex roots
Examples: General Solutions Example 3: With both real and complex roots

Example 4: With two pairs complex roots

Example 2

F|nd the general solution of homogeneous ODE
dx3 2dx2 + 2y =0
» The CE: r —2r2+r—2:O.
(rP+1)(r—2)=0.S0,n=2,rn=1r=—Ii.
» r, = 2 contributes a solution y; = e"* = e*

The pair of complex root r, = i, n = —i contributes two
. = cCcost
solution 2 i
y3 =sint

» By (4) the general solution is

y=ay:+ Gy + Gys = c1e2t + cpcost+ c3sint
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Example 1: With distinct real roots

Example 2: With both real and complex roots
Examples: General Solutions Example 3: With both real and complex roots

Example 4: With two pairs complex roots

Example 3

Find the general solution of homogeneous ODE
Ly Ly 139 15,0
» The CE: r* —r>+3r+5=0. Wesee r = —1is a root
(r+1)(r*—2r+5)=0. So,rn =—-1,n,r3=1+2i.
» r; = —1 contributes a solution y; = e = e~ ",
The pair r, r; = 1 &£ 2/ contributes two solution
y» = et cos 2t
{ y3 = elsin2t
» By (4) the general solution is

y=ocyi+ oy +ay; = cae '+ oecos2t + czelsin 2t
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Example 1: With distinct real roots

Example 2: With both real and complex roots
Examples: General Solutions Example 3: With both real and complex roots

Example 4: With two pairs complex roots

Example 4

Fmd the general solution of homogeneous ODE
LY 4495 + 9% +16% +20y =0
» The CE: r* +4r® +9r° + 16r +20 = 0.
(r’+4)(r*+4r+5)=0. So,

rn,rn==22i,r3,n=-2=+i

. . i = cos 2t

» r,r = 12/ contributes a two solution % .
Y2 =sin2t

The pair r3, r, = —2 + i contributes two solution

y3 = e 2tcost

ys = e 2tsint
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Example 1: With distinct real roots

Example 2: With both real and complex roots
Examples: General Solutions Example 3: With both real and complex roots

Example 4: With two pairs complex roots

Continued

» By (4) the general solution is

y=acayi+y,+ Gys+ Cya

= €1 €052t + Gysin2t + cze 2t cost + +cie *tsint
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