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Definition and Fundamentals

The Laplace Transform: Definition

The Laplace Transform is another tool to solve differential
equations, which we define next.

Definition Suppose f(t) is a function on t > 0. The Laplace
Transform of f is defined to be the function

CLF(E)} = F(s) = /Ooo e (1) dt (1)

For a given f(t), F(s) exists for s in certain interval. This is
derived from theorems on existence of definite integrals. A
sufficient conditions are given below.
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Definition and Fundamentals

Existence theorem

Theorem 6.1.1 Suppose f is a piecewise continuous on an
interval 0 < t < «, for some o > 0. Suppose, there are
positive constants x, 3, A with kK > 0, 5 > 0 such that

If(t)] < keM  Vit>p

Then, the Laplace transform F(s) = L{f(t)}(s) exists on the
interval A\ <'s.
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Definition and Fundamentals

Important Integration Techniques

» In this chapter, Integration by parts is used extensively:

/f(t)d(g(f))z f(t)g(f)—/g((t)f'(t)dt
» In particular, the formulas

At _ At psin pt+Acos ut

[ e cos ptdt = eMESRETAZSIE T
N e

At o __ AtAsinut—pcos ut

[ eMsinptdt = e S
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Formula 1: f(t) = e
Formula 2: f(t) e
Some Standard Formulas Formula 3: Trig Functions
Formula 4: The Indgx Function /‘D 1]
Formula 5: f(t) t<
Formula 6: Power Functions

Formula 1

Derive the Formula

1
s—a

L{e"} = s> a.

Proof. With f(t) = e, for s > a, we have

LLF(E)H(s) = F(s) = /0 T etestgy
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Formula 1: f(t) et
Formula 2: f(t) = «
Some Standard Formulas Formula 3: Trig Functions
Formula 4: The Indgx Function /‘D 1]
Formula 5: f(t) t<
Formula 6: Power Functions

Formula 2

s> 0.

Proof. Follows from Example 1, with a = 0.
One can redo it, directly. ]
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Formula 1: f(t) et

Formula 2: f(t) e
Some Standard Formulas Formula 3: Trig Functions
Formula 4: The Indgx Function /‘D 1
Formula 5: f(t) t<
Formula 6: Power Functions

Formula 3

For 1 # 0, derive

L{cospt}(s) = z7z s> 0.
Lisinpt}(s) = &2 s> 0.

Proof. We derive the first one only. By definition,
L{cos ut}(s) = / cos ute ' dt
0

Now, if follows from (2). n
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Formula 1: f(t) et

Formula 2: f(t) e

Some Standard Formulas Formula 3: Trig Functions
Formula 4: The Index Function /jg
Formula 5: f(t) t<

Formula 6: Power Functions

Formula 4

Let f(t):{

1 ifo<t<l1
0 otherwise

Derive L{f(t)} = ——— s> 0.

Satya Mandal, KU Chapter 6: The Laplace Transform §6.1 Definition of Laplac



Formula 1: f(t) et

Formula 2: f(t) e
Some Standard Formulas Formula 3: Trig Functions
Formula 4: The Index Function /‘D 1]
Formula 5: f(t) = t2
Formula 6: Power Functions

Formula 5

Derive L({t?}(s) =5 s> 0.
Proof. By definition, the Laplace Transform

F(s) = {2} = /OOO et F(t)dt — /Ooo ==t 12t

A 1 A
= |im / e ' t?dt = lim [—/ tzdeSt]
A—o00 0 A—oo | —S 0

1. A A
= —— lim [[t%“] t:0—2/ teStdt]
0
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Formula 1: f(t) = et

Formula 2: f(t) = «
Some Standard Formulas Formula 3: Trig Functions

Formula 4: The Index Function /[0 1]
Formula 5: f(t) = t2
Formula 6: Power Functions

» So,

1 2 A
F(s)=—= lim [A%¢™**—0] + = lim [/ te“dt]
S A—oo S A—oo 0
» If s <0, then the first limit is ==co. So, now on we
assume s > 0.
» When s > 0, the first limit:
. . A?
lim A%2e™A = |im — =0
A—oc0 A—oo €%
Why?: You need to know this. Two ways to see it:
» Informally or Intuitively: Exponential growth is faster
than polynomial growth.
» Formally: Use L'Hospital rule
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Formula 1: f(t) = €t

Formula 2: f(t) = «
Some Standard Formulas Formula 3: Trig Functions
Formula 4: The Index Function /[0 1]

Formula 5: f(t) = t2
Formula 6: Power Functions

» So,
2 A —2 A
F(s) == lim / te tdt| = — lim / tde st
S A—oo 0 Sc A—oo 0
-2 A A
= — |lim |[te” "t — e tdt

2 A
=— |lim [Ae_SA — 0] + — lim / e tdt
0

The first limit is zero, by same reasoning as above.
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Formula 1: f(t) = et

Formula 2: f(t) = «
Some Standard Formulas Formula 3: Trig Functions

Formula 4: The Index Function /[0 1]
Formula 5: f(t) = t2
Formula 6: Power Functions

2 A 2 . e

s2 A=oo | Jo 52 A—co —s
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Formula 1: f(t) et
Formula 2: f(t) e
Some Standard Formulas Formula 3: Trig Functions
Formula 4: The Index Function /‘D 1]
Formula 5: f(t) = t2

Formula 6: Power Functions

Alternative Informal Method: By Substituting oo

» Try to substitute A = oo, if you can get away with it:
F(s) = £{£} = / et F(£)dt — / et 12t
0 0

o0 1 o0
= / e St tdt = — t?>de™st
0

Satya Mandal, KU Chapter 6: The Laplace Transform §6.1 Definition of Laplac



Formula 1: f(t) = et

Formula 2: f(t) = «

Some Standard Formulas Formula 3: Trig Functions
Formula 4: The Index Function /[0 1]
Formula 5: f(t) = t2

Formula 6: Power Functions
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t

Formula 1: f(t) = e
Formula 2: f(t) = «
Some Standard Formulas Formula 3: Trig Functions

Formula 4: The Index Function /[0 1]
Formula 5: f(t) = t2
Formula 6: Power Functions

» So,
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Formula 1: f(t) et

Formula 2: f(t) e
Some Standard Formulas Formula 3: Trig Functions
Formula 4: The Indgx Function /‘D 1]
Formula 5: f(t) t<
Formula 6: Power Functions

Formula 6

For any integer n > 1, derive

L)) = oy 550

Proof. Use Integration by parts, similar to the the case
f(t) = t?, and induction. n
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Example 1
More Examples Example 2: Split Function

Example 1

Compute the Laplace transform of f(t) = te®".
» By definition

L{te®t} = / e Stte*tdt = / te~(5=tgp
0 0

» Use integration by parts:

L{te™} = ﬁ/o tde (s~

-1 0o *
—(s—a)t —(s—a)t
— ||t - dt
(s —a) [[ ° Jeo /0 : }
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Example 1

More Examples Example 2: Split Function

» Now assume s > «. So,

£{tet} = (s__la) [[ooeoo 0] - /O h e(sa)tdt}

ey (00 [
1

> -1 o0
= *(S*Q)tdt - = —(s—a)t
ol e Goap e e
-1 1

G—aP | oy

e — 1] =
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[SET I

More Examples Example 2: Split Function

Example 2

Compute the Laplace transform of
(1) { t if0<t<l1 |
0 otherwise
» By definition

oo

L{f(t)} = /O f(t)e *'dt = /01 te”Stdt + /100 0dt

1 1
/ te Stdt = — / tde ' dt
0 —S Jt

=0
1

1l v
— {[te t}t_o—/t_oe tdt]
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[SET I
Example 2: Split Function

More Examples

>
10 . 1. .
=— |l -0+ Timo
L[, 1,
= e+ e 1]
1—e(s+1)
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Example 2: Application of Linearity
Linearity Property

Linearity Property

» Laplace transform is a Linear Operator. That means
L{afi(t) + (1)} = al{f(t)} + oL{h(t)} (3)

for any two functions fi, f, and constants ¢, ¢,. The
proof of (3) follows immediately from the linearity
property of integration.

» Often, the Laplace Transform L£{f(t)} is computed, by
using a combination of linearity and the Standard
Formulas. We gave a few such Formulas above. Charts of
standard formulas is available in the internet.

» The following is an application the linearity property.
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Example 2: Application of Linearity
Linearity Property

Example 2

Find the Laplace transform of

F(t) = 3sin2t —7t if0<t<1
~ ] 3sin2t otherwise

» We have

f(t) =3sin2t — 7g(t) where g(t) = { t f0<t<l

0 otherwise
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Example 2: Application of Linearity

Linearity Property

» By linearity property of Laplace transform and using the
Formulas and Examples above, we have

LIF(t)} = 30 sin2t} — 7L{g(t)}

2 7l—e*S(erl)

=3 — > 0.
s24+4 52 °
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