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Homogeneous LSODEs

» Recall a Homogeneous LSODEs has forms:

Ly)=y" +p(t)y’ +q(t)y =0 (1)

where p(t), q(t), g(t) are functions of t.
» Then, (1) can also be written as:

L(y) = P(t)y" + Q(t)y' + R(t)y =0 (2)

where P(t), Q(t), R(t), G(t) are functions of t.

» The Trivial Solution: For any homogeneous equation (1,
2), y = 0 is a solution.
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§3.4 Repeated Roots

Repeated equal roots of the CE

» Recall the Homogeneous LSODEs, with constant
coefficients:

L(y)=ay" +by'+cy=0, with abceR (3)

The CE of(3) : ar® + br + c =0 (4)

» In §3.2, we dealt with the case when (4) had two distinct
real roots. In this section, we deal with case when CE has
repeated roots. This will be the case, when b? — 4ac = 0.
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§3.4 Repeated Roots

Continued

i _ _b
» The equal root is r = —2~.

> Then, y; = e 2 is a solution of (3), which can be
checked by substitution in (3).

» In the next frame, we directly check, y»(t) = ty1(t) is also
a solution of (3).
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§3.4 Repeated Roots

Continued

> Substituting y = y» in (3): L(y2) =
ayy" + by, +cya = a(2y; + ty1") + b(yi + tyy) + c(tn)
= t(ay" + by; +cy1) +(2ay; + byr) = tx 0+ (2ay; + by1)
=2a (—Q—Ze Sa) +b (e 23) =0.

This establishes that y, is a solution of (3).
» So, we have two solutions of (3):

_bt
{”—ea e (5)

y2 = t_yl = te 2a
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§3.4 Repeated Roots

Fundamental Pair

We investigate, if y;, y» form a Fundamental pair of solutions.

» Compute the Wronskian:

_bt _bt
o ow | e 2a te  2a
= = b
i Y —2£e*2a e 2+t (—zﬁe*£>
_ bt 1 t bt
=e = b pe |=€ = #0
T 2a T 2a

bt

» Since Wronskian W(y1,y,) #0, y1 = e %,y = te 35
form a fundamental pair solutions.
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§3.4 Repeated Roots

The General Solution

» By §3.3, any solution (the general solution) of (3) can be
written as: y = c1y1 + Gy» That is

y =ce’ + qte” (6)
OR

y =(a+ ct)e” (7)
where r = —2—ba is the double root of the CE and ¢y, ¢, are

arbitrary constants.
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Example 1
Example IA
Example IB
Examples Example IC
Example 2
Example 3

Example 1

Consider the IVP:

Yy +8y + 16y =0
y(0) =1
y'(0) =1

Solve this IVP and give the graph of the solution.
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Example 1
Example IA
Example IB
Examples Example IC
Example 2
Example 3

Solution

» The CE r2 +8r+16 = 0.
» Roots of the CE r = =8£v064=4x16 V624’4*16 = —4, which is a
double root.
» By (7), the general solution is
y = (c1+ at)e™ = (c + ot)e ™ (8)
» The derivative:

y = ce™ —4(c; + qt)e ™™ (9)
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Example 1
Example IA
Example IB
Examples Example IC
Example 2
Example 3

Continued

» The initial conditions:

{y(O):q:l :>{C1i1

y(0)=c—4ca=1
» So, the solution is

y=(1+5t)e™
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Example 1
Example IA
Example IB
Examples Example IC
Example 2
Example 3

The Limit

We also compute the Limit:

lim y(t) = tll)ngo (1+5t)e™) =0

t—o00
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Example 1
Example IA
Example IB

Examples

Example IC
Example 2
Example 3

Graph of y = y(t):

y=(145t)e"
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Example 1
Example IA
Example IB
Examples Example IC
Example 2
Example 3

Example |1A

Change the initial condition in (1) and consider the IVP:
Y +8y +16y =0
y(1) =e*
y'(1)=e*

Solve this IVP and give the graph of the solution.
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Example 1
Example IA
Example IB
Examples Example IC
Example 2
Example 3

Solution

» The general solution remains the same as in (8) and the
derivative y’ is also as in (13)

» The initial conditions:

y)=(a+ca)et=e"
{ V() =ce*—4(ag+calet=ec? —
C1 + C = 1 G = —4
{ —4c; — 30 =1 :>{ =5

Satya Mandal, KU Chapter 3: Second Order ODE §3.4 Repeated roots of the (



Example 1
Example IA
Example IB
Examples Example IC
Example 2
Example 3

Continued

» From the general solution (8):

y=(c+at)e* = (—4+5t)e ™
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Example 1
Example IA
Example IB
Examples Example IC
Example 2
Example 3

The Limit

We also compute the Limit:

lim y(t) = lim (—4+5t)e ™) =0

t—00
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Example 1
Example IA
Example IB

Examples Example IC
Example 2
Example 3

Graph of y = y(t):

y=(-4+5t)e*
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In Example IB, we change the sign of y’(1).
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Example 1
Example IA
Example IB
Examples Example IC
Example 2
Example 3

Example IB

Change the initial condition in (1), again and consider the IVP:
y' +8y + 16y =0
y(1) = e
yr (1) =—e*

Solve this IVP and give the graph of the solution.
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Example 1
Example IA
Example IB
Examples Example IC
Example 2
Example 3

Solution

» The general solution remains the same as in (?7) and the
derivative y’ is also as in (13)

» The initial conditions:

y(l)=(a+ca)et=e"
Y1) =ce ™ —4(cg+ca)et=—e"

C1+C2:1 . C1:—2
—4c; — 3¢ = -1 =3
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Example 1
Example IA
Example IB
Examples Example IC
Example 2
Example 3

Continued

» From the general solution (8):

y=(ca+at)e* =(-2+3t)e ™
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Example 1
Example IA
Example IB
Examples Example IC
Example 2
Example 3

The Limit

We also compute the Limit:

lim y(t) = lim ((—2+3t)e™™) =0

t—00
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Example 1
Example IA
Example IB

Example IC
Example 2
Example 3

Examples

Graph of y = y(t):

y=(-2+3t)e™

In Example IC, | will have y’(1) = 0.



Example 1
Example IA
Example IB
Examples Example IC
Example 2
Example 3

Example IC

Change the initial condition in (1), again and consider the IVP:

Yy +8y +16y =0
y(1)=e"*
y'(1)=0

Solve this IVP and give the graph of the solution.
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Example 1
Example IA
Example IB
Examples Example IC
Example 2
Example 3

Solution

» The general solution remains the same as in (?7) and the
derivative y’ is also as in (13)
» The initial conditions:

y)=(a+ca)et=e"
{ Y1) =ce*—4a+c)e*=0 —

Il
N

C1+C2:1 C1:—3
{—4C1—3C2:0 :>{ ()
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Example 1
Example IA
Example IB
Examples Example IC
Example 2
Example 3

Continued

» From the general solution (8):

y=(ca+at)e* =(-3+4t)e ™
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Example 1
Example IA
Example IB
Examples Example IC
Example 2
Example 3

The Limit

We also compute the Limit:

lim y(t) = tlLTo ((-3+4t)e™™) =0

t—00
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Examples

Example 1
Example IA
Example IB

Example IC
Example 2
Example 3

Graph of y = y(t):

0.5

y=(-3+4t)e
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Example 1
Example IA
Example IB
Examples Example IC
Example 2
Example 3

Example 2

Consider the IVP:

4y" — 20y’ +25y =0
y(0) =1
y'(0) =1

Solve this IVP and give the graph of the solution.
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Example 1
Example IA
Example IB
Examples Example IC
Example 2
Example 3

Solution

» The CE 4r%2 — 20r +25 = 0.

» Roots of the CE r = 20Ev20°—4x4x25 V202’4*4*25 = g which is a

double root.
» By (7), the general solution is
y = (a+ot)e” = (a + at)e? (10)
» The derivative:

t 5 t
y' = czes? + §(c1 + C2t)e5? (11)
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Example 1
Example IA
Example IB
Examples Example IC
Example 2
Example 3

Continued

» The initial conditions:

—_

y(O):C1:1 1 =
y/(o):C2—|—gC1:1 = G = —

NIw
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Continued

» From the general solution (11):
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Example 1
Example IA
Example IB
Examples Example IC
Example 2
Example 3

The Limit

We also compute the Limit:

: : 3
Ao =dm (\1mat) et ) = e
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Example 1
Example IA
Example IB

Examples Example IC
Example 2
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Graph of y = y(t):

To be Inserted
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Example 1
Example IA
Example IB
Examples Example IC
Example 2
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Example 3

Consider the IVP:

259 1 10% +y =0
y(0)=1
y'(0)=2

Solve this IVP and give the graph of the solution.
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Example 1
Example IA
Example IB
Examples Example IC
Example 2
[ET T

Solution

» The CE 25/ + 10r + 1 = 0.

» Roots of the CE r = =20EVI00=4:25 — 1 \hich is a

double root.

» By (7), the general solution is

y = (C1 + Czt)ert = (C1 + Cgt')e_é (12)
» The derivative:

y = ce”

(&5

(c1 + cot)es (13)

a1l —
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Continued

» The initial conditions:

y(0)=c =1 =1
—
y,(o)zcz—%clz2 sz%
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Continued

» From the general solution (12):

11
= (1+=t)e
+ot)e

ol
ol

y=(c1+ at)e”
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The Limit

We also compute the Limit:

11 ¢
lim y(t) = lim 1~|—?t es| =0

t—o00 t—o00
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Example 1
Example IA
Example IB

Examples Example IC
Example
[ET T

Graph of y = y(t):

y=(1+11t/5)et®
T T T
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